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0. Since the description of conjugacy classes in classical Lie groups is now well-
known [I] it is of interest to describe which conjugacy classes lie in the image of 
the exponential map. In many cases the results have been known for some time 
but there is no systematic treatment available in the literature. The object of this 
paper is to fill this gap. 
More generally let G be a connected Lie group, g its Lie algebra, and 
exp: g-->- G the exponential map of G. If a E G we say that the index of a 
(notation: ind(a)) is the smallest positive integer m such that am is in the image of 
exp. (In all cases that we consider such m exists). Thus ind is a map G -..z. The 
image of ind for simple complex Lie groups has been determined recently by 
H.-L. Lai [2], [3], [4]. We shall determine the value of ind(a) for every a E G 
when G is one of the classical groups. 
By a classical group G we mean one of the complex Lie groups GLn(C), 
On(C), Sp2n(C) or one of their real forms. If G is compact (and connected) 
then its exponential map is surjective, so we will be interested in noncompact 
groups. (But there is no need to exclude the compact case.) 
A classical group G is given by its natural faithful representation on a vector 
space V (real, complex or quaternionic) which may be equipped with a non-
degenerate form f (symmetric, skew-symmetric, hermitian, or skew-hermitian). 
Thus G really stands for a triple (G, V,f), where/may be absent. We shall say 
that the signature off (when f is real symmetric, or hermitian) is (k, n- k) 
if in the diagonal form off there are k positive and n - k negative entries. 
Thus U(k, n- k) denotes the unitary group of a hermitian form f having 
signature (k, n - k). If k 7'= n- k the groups U(k, n- k) and V(n- k, k) will 
be considered as different because the corresponding forms have different 
signatures. This is necessary in order to introduce the notion of types. 
A type r of a classical group G is a conjugacy class in G. Assume that ri is a 
type of a classical group (Gi, V1 ,Ji) i = 1, 2 and assume that G1 X G2 
is a subgroup of some classical group (G, VI ffi v2 ,fl ffi/2), (where f/s 
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may be absent). Then T1 X T2 is contained in a unique type r of G and in 
that case we write r = rl + r2 . If r does not admit such (non-trivial) rep-
resentation we say that it is indecomposable. Clearly, every type is a sum of 
indecomposable types. It was shown in [1] that the decomposition of r into 
a sum of indecomposable types is unique. One can similarly define types for Lie 
algebras of classical groups. This is done in [1] where the reader will also find 
the table of all indecomposable types for these Lie algebras. It is also explained 
there how one can write down the list of indecomposable types for the classical 
groups. We shall rely on the results and the notation of that paper. 
The group types will be denoted by rand the Lie algebra types by Ll. This is 
a minor deviation from the notation of [1] where the group types are denoted 
by LT. 
If a function defined on a classical group G is constant on conjugacy classes 
we may consider it as defined on the set of types of G. Hence we shall use freely 
the expressions det(T), tr(T), T 2, ind(T), etc. If L1 is a type of the Lie algebra of G 
then r = exp L1 is a well-defined type of G. In that case we say that r is an 
exponential. 
To make the reading easier we give a few examples of indecomposable types. 
For groups GLn(C) the indecomposable type Tm(,\) is represented by a Jordan 
block of size m + 1 by m + 1 with eigenvalue ,\( =;60). 
For the groups U(k, n - k) the type rm(,\, X-1) represents the conjugacy 
class in U(m + 1, m + 1) of the matrix 
where A is a Jordan block of size m + 1 by m + 1 with eigenvalue,\, I ,\I =F 1. 
Here U(m + 1, m + 1) is realized as the group of all complex matrices X 
satisfying X* ]X = J where J is given by 
_ ( 0 1/m+l) ]- ---. 
Jm+l 0 
The types rm +(,\)and rm -(,\)are represented by a single Jordan block of size 
m + 1 by m + 1 with eigenvalue,\ such that I,\ I = 1. For the details how one 
distinguishes these two types see [1]. If m is even then we distinguish rm +(,\) 
from rm -(,\)by the signature of the hermitian form. Thus we take that rm +(,\) C 
U(k + 1, k) and rm-(,\) C U(k, k + 1) if m = 2k. By definition the hermitian 
form which is used in definition of U(k + I, k) has diagonal form with k + 1 
diagonal entries + 1 and k entries -1. 
By R, C, H we denote real numbers, complex numbers, and quaternions, 
respectively. 
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The paper has ten sections, each section deals with one of the ten classes of 
classical groups (see Table II of [1)). 
1. It is well-known that the exponential map of GLn(C) is surjective. The 
table of indecomposable types is very simple 
r exp Ll 
Now let r be a type of SLn(C), i.e. a type of GLn(C) contained in SLn(C). 
We can write it as 
where 
(m1 + 1) + ··· + (mk + 1) = n, 
The solutions of the equation r = exp Ll are given by 
where 
and s1 , ... , sk are arbitrary integers. From (1.3) we obtain that 
for some integer q(F). From (I .4), (1.5), and (1.6) we find that 
k 
tr(LI) = 2m(q(F) + L (m, + l)s,). 
r~l 
(1.1) 
(1.2) 
(1.3) 
(1.4) 
(1.5) 
Let p(F) = GCD(m1 + 1, ... , mk + 1). It follows that the integers s1 , ••. , sk 
can be chosen so that tr(LI) = 0 iff p(F) divides q(F). 
THEOREM (1.7). If Tis a type of SLn(C) thenind(F)= p(F)JGCD(p(F), q(F)). 
Proof. We have shown that this is true if ind(F) = 1 or if p(F) divides q(F). 
In general the assertion now follows from 
p( F') = p( F) and 
q(Fr) == rq(F) (mod p(F)). 
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CoROLLARY (1.8). The image of ind: SLn(C)---+ Z consists of all positive 
divisors of n. 
This was shown by H.-L. Lai [2]. He also shows that the exponential map 
of PSLn(C) is surjective. 
2. The table of indecomposable types of the groups GLn(R) and their Lie 
algebras is: 
We have 
and 
r 
rm(A, X), A =1= X 
rm(A), A = X =I= 0 
Thus we have the following result. 
Llm( ~' ~), ~ =/= ~ 
Llm(~), ~ = ~-
if e' ¢: R, 
if e'ER, 
THEOREM (2.1 ). A type r of GLn(R) is an exponential iff the multiplicities in 
r of indecomposable types Tm(A) with A real and A < 0 are even. 
For any type r of GLn(R) the type T 2 satisfies the condition of this theorem. 
Hence the image of ind: GLn(R)---+ Z is {1, 2}. The same conclusion holds for 
the group GLn(R)+ which is by definition the identity component of GLn(R), 
provided that n ;? 2. 
A type r of GLn(R) contained in SLn(R) is an exponential in SLn(R) iff it 
is an exponential inGLn(R). Indeed assume that r = exp Ll for some type Ll 
of the Lie algebra of GLn(R). Then 
1 = det(T) = det(exp Ll) = exp(tr Ll). 
Since tr Ll E R, this implies that tr Ll = 0. 
3. The exponential map of the unitary groups U(k, n- k) is surjective [6, 
Lemma I, p. 211). This also follows from the discussion below. The table of 
indecomposable types of these groups and their Lie algebras is: 
r 
r m(A, X-1), I A I =I= 1 
Tm±(A), I A I = 1 
Ll 
Llm(~, -~), ~ =/= -~ 
Llm±(~), ~ = -~ 
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exp Llrn(~, -~) = rm(e', e-~), 
exp Llm±(~) = rm±(e'). 
Hence every type is an exponential. 
Now let r be a type of SU(k, n- k) i.e. a type of U(k, n- k) contained in 
SU(k, n- k), and let 
Equating dimensions we obtain 
r s 
2I;(m;+l)+ L (m;+l)=n. (3.2) 
By comparing signatures we obtain 
(3.3) 
Conversely, given nonnegative integers m1 , ... , m 8 satisfying (3.2) and (3.3) 
one can choose the signs ± in (3.1) and the numbers A1 , ••. , A8 so that r is a type 
of SU(k, n - k). 
All solutions of the equation r = exp L1 are given by 
where 
(3.5) 
and t1 , ... , t8 are arbitrary integers. Since det(F) = 1, we must have 
r s 
2 L (m; + 1) arg A;+ L (m; + 1) arg A; = 2TTq(F) 
for some integer q(F). From (3.4) and (3.5) it follows that 
r s 
tr(Ll) = 21ri(q(T) + 2 L (m; + l)t; + L (m; + l)t;). 
Let 
p(F) = GCD(2(m1 + 1), ... , 2(mr + 1), mr+l + 1, ... , m8 + 1). (3.6) 
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We see that the integers t1 , ... , t 8 can be chosen so that tr(Ll) = 0 iff p(T) divides 
q(T). 
In the same way as in the proof of Theorem (1.7) we now obtain: 
THEOREM (3.7). If Tis a type of SU(k, n- k) then 
ind(F) = p(T)fGCD(p(T), q(T)). 
It follows from (3.2) that p(T) divides n. It is easy to see that the image of 
ind: SU(k, n- k) ~ Z consists <;>f all integers p(T) given by (3.6) where 
(m1 , ... , m.) runs through all sequences of nonnegative integers satisfying (3.2) 
and (3.3). 
By writing pi= 2(mi + 1), 1 ~ i ~ r, and pi= mi + 1, r ~ i ~ s we see 
that the image of ind consists of all integers GCD(p1 , ••• , Ps) where PI, ... , Ps are 
positive integers subject to 
P1 + ··· + Ps = n, 
[~1] + ... + [~·] ~ k. 
Clearly we may require also that p1 ;?: P2 ?': · · · ?': Ps ?': l. 
For instance if k = 2, n ~ 6 then the possible sequences (PI, ... , Ps) are 
(4, 1, 1), (3, 3), (3, 2, 1), (3, 1, 1, 1) 
(2, 2, 1, 1), (2, 1, 1, 1, 1), and (1, 1, 1, 1, 1, 1). 
Hence the image of ind in this case is {1, 3}. 
If k = 6, n = 15 then one finds that the image of ind is {1, 3, 5}. 
4. The indecomposable types of the groups GLn(H) and their Lie algebras are: 
r L1 exp L1 
r,(lt, X), Llm(,, ~) rm(e', e'). 
lt#O 
Hence every indecomposable type is an exponential. Thus, the exponential map 
of GLn(H) is surjective. 
THEOREM ( 4.1 ). The exponential map of SLn(H) is surjective. 
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Proof. Let det: GLn(H)---+ R* be the Dieudonne determinant. Then 
SLn(H) = Ker(det). Let r be a type of GLn(H) contained in SLn(H) and write 
r = exp Ll, where Ll is a type of the Lie algebra of GLn(H). Then we have 
I = det(T) = det(exp Ll) = exp(Re tr Ll). 
Thus Re tr Ll = 0, and so Ll is contained in the Lie algebra of SLn(H). 
This completes the proof. 
5. The indecomposable types of the complex orthogonal groups On(C) and 
their Lie algebras are: 
We have 
and 
r 
Tm(A, A-1), A =F- ±1 
Tm(1, 1), Tm(-1, -I), m odd 
rm(l), r,n(-1), m even 
Llm(~, -~), ~ =/= 0 
L1m(O, 0), m odd 
Llm(O), m even. 
if m is odd or eC =F- ±1, 
if m is even and eC = ± 1 ; 
exp Llm(O, 0) = Tm(1, 1), m odd; 
exp Llm(O) = r m(1 ), m even. 
Hence we have the following result. 
THEOREM (5.1). A type r of On(C) is an exponential iff the multiplicities in r 
of the indecomposable types r m (- I) ( m even) are even. 
CoROLLARY (5.2). The image of ind: SOn(C) -+Z (n;? 4) is {1, 2}. 
Proof. If r is a type of On(C) then the type T 2 satisfies the condition of the 
theorem. Thus ind( T) = 1 or 2. The type T2( -1) + T0( -1) is not an exponen-
tial and so the Corollary is proved. 
6. The indecomposable types of the real orthogonal groups O(k, n- k) and 
their Lie algebras are given in the table below. 
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r LJ 
Tm(A, ..\-t, .-\, X-1) Lim(,, _,, ~' -~) 
X =F " =F .-\-1 '=F ±~ 
r m(A, ..\-1) Lim(,, _,) 
X =" =F ,\-1 ~=,=FO 
rm±(,\, ,\-1) Lim±(,,_,) 
I" I = 1," =F ±1 ~ = _, =F 0 
Tm(1, 1), Tm(-1, -1) Llm(O, 0) 
modd modd 
Tm±(1), Tm±(-1) LJm±(O) 
m even m even 
By exponentiating the indecomposable Lie algebra types we find the following 
results: 
(i) If ' =F ±~ then 
- jT m( e', e-', eC, e-') 
exp Lim(,,-~,~._,) = ~2Tm(e', e-') if e' ¢ R, if e'ER; 
(ii) If ' = ~ =F 0 then 
(iii) If { = -~ =F 0 then 
(iv) exp Llm(O, 0) = T.,.(1 1 1), m odd; 
(v) exp Llm±(O) = Tm±(1), m even. 
if e' =F ±1, 
if eC = ± 1 & m odd, 
if e' = ±1 & m even; 
We see that all indecomposable types except 
Tm(A, ,.\-1), ,.\real, ,.\ < 0, and ,.\ =F -1 
and 
(m even) 
(6.1) 
(6.2) 
are exponentials. If r is one of these exceptional types then 2T is an exponential. 
Hence we have the following result: 
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THEOREM (6.3). A type r of O(k, n - k) is an exponential iff the multi-
plicities in r of the exceptional indecomposable types (6.1) and (6.2) are even. 
CoROLLARY (6.4). If 1 ::=;;; k < n then the image of ind: SO(k, n - k) ---+ Z 
is {1, 2}. 
Proof. If r is any type of O(k, n- k) then T 2 satisfies the condition of 
Theorem (6.3) and so ind(T) = 1 or 2. On the other hand the type T0+(-1) + 
T0-( -1) is not an exponential and the assertion follows. 
For related results see [5]. 
7. We now consider the group 0*(2n). Let V be a right quaternionic space of 
dimension n equipped with a non-degenerate skew-hermitian formf. (Any two 
such forms are equivalent). By definition 0*(2n) is the group of all quaternionic 
linear maps V---+ V which preserve the form f. 
We first present the table of the indecompos:~ble types for these groups and 
their Lie algebras. 
r 
rm(>-, >.-t, X, X-1), I >-1 # I 
Tm±(>., >.-1), I>. I = 1, >. # ±1 
Tm(l, 1), Tm(-1, -1), m even 
Tm±(l, 1), Tm±(-1, -1), m odd 
~m(~, -~, ~' -~), ~ =/= -~ 
Am±(~, -~), ~ = -~ # 0 
Llm(O, 0), m even 
Llm±(O, 0), m odd 
Let us describe in detail the indecomposable types r m±(>., >.-1), I A I = 1' 
A =1= ±1. Of course, A denotes here a complex number. In this case the quater-
nionic dimension of V is m + 1 and a representative u of this type is a quater-
nionic linear map u: V---+ V. There exists a basis a0 , a1 , ••. ,am of V such that 
u(ar) = arA + ar+I for 0 ::=;;; r < m and u(am) .'= amA· Le~ A+ X = ex and 
v = u + u-1 - ex. 
Let f be the skew-hermitian form which · defines 0*(2m + 2). Then 
f(u(x), u(y)) = f(x, y) for all x, y E V. The operator v is nilpotent and let 
W = Vfv( V). Then W is a !-dimensional qu:iternionic space. The form f 
induces a non-degenerate skew-hermitian form g on W 
Then 
g(x, y) = f(x, vm(y)), (x = x + v(V)). 
g(ao' ao) = f(ao, vm(ao)) 
= f(u(ao), uvm(ao)) 
= f(a0A + ~, vm(a0A + a1)) 
= f(ao>-, vm(a0)A) 
= Xg( ao , a0)A. 
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Thus g(a0 , a0) is a pure quaternion which commutes with A, and so commutes 
with i. This forces 
If g(a0 , a0) = iP- then for 1-' > 0 we have the type rm +(A, A-1) and for 1-' < 0 we 
we have the type rm -(A, A-1). 
Let us also describe the indecomposable types r m±( -1, -1 ), m odd. Then we 
have a basis a0 , a1 , ... ,am and a representative u such that u(ar) = -ar + ar+l 
(0 ~ r < m), and u(am) = -am. We put v = u + 1, W = Vfv(V) and 
defineg by 
g(x, y) = f(x, vm(y)). 
We have 
g(x, y) = f(x, (u + l)my) = f((u-1 + t)mx, y) 
= f(u-m(u + l)mx,y) = f((-t)m(u + t)mx,y) 
= -f((u + l)mx,y) = f(y, (u + l)mx) 
= g(.Y, x). 
Thus g is a (non-degenerate) hermitian form on a !-dimensional quaternionic 
space w. If it is positive definite then this type is designated by r m +( -1' -1) 
and if negative definite it is the type r m -c -1' -1 ). 
By exponentiating the indecomposable Lie algebra types we obtain: 
(i) If~ =F -~then 
(ii) If~ = -~ =F 0 then 
(iii) exp Llm(O, 0) = Tm(l, 1), m even; 
(iv) exp Lfm±(O, 0) = rm±(1, 1), m odd. 
if e' =1= ±1 or m odd, 
if eC = ±1 & m even; 
Since all indecomposable types are exponentials we have 
THEOREM (7.1 ). The exponential map of 0*(2n) is surjective. 
8. The table of indecomposable types of the group Sp2n(C) and their Lie 
algebras is: 
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r ..1 
Fm(A, A-1), A *- ±1 
Fm(1, 1), Fm(-1, -1) 
m even 
Fm(1), Fm(-1) 
modd 
By exponentiating we get for { *- 0 
..1m({, -{), { *- 0 
..1m(O, 0) 
m even 
..1m(O) 
modd. 
if e' *- ±1 or m even, 
if e' = ± 1 & m odd; 
exp ..1m(O, 0) = Fm(1, 1), m even; 
Thus all indecomposable types except r m( -1) (m odd) are exponentials and 
the type 2F m( -1) is an exponential. 
Thus we have 
THEOREM (8.1). A type r of Sp2n(C) is an exponential iff the multiplicities in 
r of rm(-1) (m odd) are even. 
COROLLARY (8.2). The image of ind: Sp2n(C)---+ Z is {1, 2}. 
Proof. If r is any type of Sp2n(C) then F2 satisfies the condition of the 
theorem. Hence ind(F) = 1 or 2. Since the type F1(-1) is not an exponential, 
the assertion follows. 
9. The table of indecomposable types for real symplectic groups Sp2n(R) and 
their Lie algebras is: 
r ..1 
r (A A-1 X x-1) 
m ' ' , ..1m(C, -{, ~~ -~) 
X*- A*- X-1 { * ±~ 
Fm(A, A-1) ..1m({,-{) 
A= X*- ±1 {=~*-0 
Fm±(A, A-1) ..1m±({,-{) 
I A I= 1, A*- ±1 '= -~ * 0 
Fm(1, 1), Fm(-1, -1) ..1m(O, 0) 
m even m even 
Fm±(l), Fm±(-1) ..1m±(O) 
modd m odd. 
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By exponentiating we get: 
(i) If ~ =I= ±~then 
lr (e' e-' e~ e-~) exp Llm(~, -~, ~' -~) = 2Tm(~', e_:') ' 
(ii) If~ = ~ =I= 0 then 
exp Llm(~, -~) = rm(e', e-'); 
(iii) If ~ = -~ =I= 0 then 
if e' ¢ R, 
if e'ER; 
if e' =I= ±1, 
(iv) exp Llm(O, 0) = Tm(l, 1), m even; 
(v) exp Llm±(O) = Tm±(1), m odd. 
if e' = ± 1 & m even, 
if e' = ±1 & m odd; 
Thus every indecomposable type is an exponential except the types 
Tm(A, A-1), A real, A < 0, A =!= -1 
and 
If r is one of these exceptional types then 2T is an exponential. 
Hence we have the following result: 
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(9.1) 
(9.2) 
THEOREM (9.3). A type r of SP2n(R) is an exponential iff the multiplicities 
in r of the exceptional types (9.1) and (9.2) are even. 
COROLLARY (9.4). The image of ind: Sp2n(R) -+Z is {1, 2}. 
Proof. If r is any type of Sp2n(R) then T 2 satisfies the condition of the 
theorem and so ind(T) = I or 2. On the other hand the type T1±( -1) is not an 
exponential. 
10. The indecomposable types of the groups Sp(k, n- k) and their Lie 
algebras are given in the table below: 
r 
Tm(A, A.-I, X, X-1), I A I =I= 1 
Tm±(A, A-1), I A I = I, A =I= ±1 
I',n±(l, l),Tm±(-1, -l),meven 
rrn(1, 1), rm(-1, -1), m odd 
Llm(~, -~, ~' -~), ~ =/= -~ 
Llm±(~, -~), ~ = -~ =/= 0 
Llm±(O, 0), m even 
Llm(O, 0), m odd 
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By exponentiating the indecomposable Lie algebra types, we obtain: 
(i) If ~ of= - ~ then 
(ii) If~ = -~of= 0 then 
(iii) exp Llm±(O, 0) = Fm±(1, 1), m even; 
(iv) exp Llm(O, 0) = F,(1, 1), m odd. 
if e' of= ±1 or m even, 
if e' = ±1 & m odd; 
Since all indecomposable types are exponentials we have 
THEOREM (10.1 ). The exponential map of Sp(k, n - k) is surjective. 
This theorem follows also from [6, Lemma I, p. 211] because every type 
of Sp(k, n - k) can be obtained from some type of U(k, n- k) by tensoring 
with H. 
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